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Prescribing Effective Human Problem-
Solving Processes:
Problem Description in Physics
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Education
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We formulate a theoretical model specifying the underlying knowledge and
procedures whereby human problem solvers can generate useful initial descrip-
tions of scientific problems. This model is prescriptive, that is, it does not neces-
sarily try to simulate the behavior of actual experts nor assume that their per-
formance is optimal. To test such a model, formulated for the domain of
mechanics, we devised a carefully controlled experiment where human subjects
were induced to act in accordance with specified alternative models and where
their resulting performance was observed in detail. The results show that the
proposed maodel is sufficient to generate excellent problem descriptions, that
these markedly improve subsequent problem solutions, and that major compao-
nents of the model are necessary for good performance. Furthermoare, detailed
analysis of the data shows how the model predictably prevents the occurrence
of many common errors. Such a validated prescriptive model provides a useful
basis for teaching students improved problem-solving skills.

Problem solving is an intellectually demanding activity of central importance
in any science. Hence it is a challenging task to design instructional methods
for teaching students good scientific problem-solving skills. To be effective,
such instructional design must be based on an adequate understanding of
how good scientific problem-solving performance can be achieved and of
how novice students perform before instruction.

Requests for reprints shauld be sent ta Joan I. Heller, Group in Science and Mathematics Edu-
cation, 4533 Tolmar Hall, University of California, Berkeley, CA 94720.
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Recent years have witnessed considerable interest in analyzing cognitive
processes and knowledge structures underlying problem-solving perform-
ance in several scientific domains, for example, in geometry (Greeno, 1978),
physics (Simon & Simon, 1978), and computer programming (Polson &
Jeffries, 1982). Problem solving in the domain of physics has been studied by
an especially large variety of approaches. A number of investigations have
examined the problem-solving performance of subjects of different levels of
expertise (Chi, Feltovich, & Glaser, 1981; Larkin, McDermott, Simon, & Si-
mon, 1980a; Larkin & Reif, 1979; Simon & Simon, 1978). Other studies have
identified naive conceptions ar misconceptions of physics students (Cham-
pagne, Klopfer, & Anderson, 1980; Clement, 1982; diSessa, 1982; Mc-
Closkey, Caramazza, & Green, 1980; Trowbridge & McDermott, 1980, 1981,
Viennot, 1979). Efforts have also been made to develop process models of
physics problem solving. These have included psychological models to de-
scribe and simulate the performance of human subjects of different levels of
ability (Larkin, 1981; Larkin, McDermott, Simon, & Simon, 1980b), madels
recently summarized by Chi, Glaser, & Rees (1982). They have also included
some artificial-intelligence models embodied in computer programs less con-
cerned with simulating human performance (Bundy, 1978; Bundy, Byrd,
Luger, Mellish, & Palmer, 1979; Byrd & Borning, 1980; de Kleer, 1977;
Luger, 1981; Novak, 1977).

Although studies of the thought processes of experts and novices have
vielded valuable insights about effective problem solving, they have signifi-
cant limitations. For example, it is unwise to assume that the performance of
experts is necessarily optimal. Furthermore, educational efforts cannot
merely aim to teach students to perform as experts do. Instead, they must of -
ten teach students to use explicit procedures to accomplish tasks which ex-
perts perform almost automatically because of years of experience.

This paper describes our efforts to study human problem solving from a
more general point of view which transcends the investigation of naturally
occurring intellectual functioning. Qur aim has been to specify cognitive pro-
cesses and knowledge structures which lead to good human problem solving
in a realistic scientific domain, without necessarily trying to simulate what ac-
tual experts do and without assuming that experts always perform optimally.
Such a “prescriptive” approach is more general than a descriptive one since it
allows greater freedom for theoretical inventiveness and deliberate experi-
mentation. For example, although a prescriptive theoretical model of good
intellectual performance may be partly suggested by naturalistic observa-
tions of experts, it may also be proposed on the basis of purely theoretical
task analyses. Indeed, the sole criterion of validity of such a prescriptive
model] is that it lead to effective performance, even if it does not mimic what
actual experts do.



PRESCRIBING PROBLEM-SOLVING PROCESSES 179

An analogy may help to clarify the distinction between a prescriptive point
of view and a descriptive one. Imagine that a hypothetical cognitive scientist,
working in the era of Julius Caesar, had been trying to formulate a theoreti-
cal model of good performance in arithmetic problem solving. A prescriptive
model of goed performance might conceivably have proposed use of the
(now familiar) place-value representation of numbers. This would have been
an excellent prescriptive model since it would have led to very good human
performance. But it would have been an unsatisfactory descriptive model
since contemporary experts used Roman numerals.

A prescriptive approach is common in artificial intelligence. As pointed
out elsewhere (Reif, 1979), it can also be of major interest in work on human
cognitive processes. From a purely scientific point of view, prescriptive stud-
ies of human cognition have the following virtues: (1)} By focusing attention
on questions transcending naturalistic functioning, they can provide more
general insights about the thought processes and forms of knowledge leading
to effective human performance. (2) They can provide a basis of comparison
useful for analyzing the performance of actual novices or experts, and can
thus help reveal unsuspected tacit knowledge underlying expert behavior. (3)
Finally, they provide theoretical insights about how to improve human per-
formance beyond existing levels of expertise.

From the more applied point of view of “human knowledge engineering,”
prescriptive studies of human cognition are important in education since sys-
tematic approaches to instruction require explicit models of the thought pro-
cesses whereby students are to achieve good final performance. Prescriptive
studies are also essential for designing human-computer interaction since
such designs must explicitly specify effective forms of human thought as well
as effective forms of computer operation.

The following comments summarize the general approach adopted in our
work to formulate and test a prescriptive model of human intellectual
performance.

The formuiation of such a prescriptive model involves the following major
steps:

s Specification of applicability: Specify the conditions under which the
proposed model is supposed to be applicable. These conditions include the
characteristics of the tasks to be performed within some specified knowledge
domain, and the characteristics (capabilities and limitations) of the persons
who are to perform these tasks.

s Formulation of a model of good performance: Formulate a prescriptive
model specifying explicitly the procedures and forms of knowledge whereby
a person, with the previously specified characteristics, can perform effect-
ively the specified kinds of tasks.
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s Farmulation of alternative models: Formulate alternative prescriptive
models differing in specific ways from the model of good performance.
{(Comparison between such alternative maodels then allows one ta ascertain
which particular features of these models are necessary or sufficient for good
performance.)

The subsequent testing of any such prescriptive model is based on the fol-
lowing paradigm: Induce persons to act in accordance with the model and ob-
serve whether their resulting performance has the predicted characteristics
(e.g., that it is effective in the expected ways). The implementation of this
paradigm involves the following major steps:

o FElaboration of the model: Elaborate the model into the form of a de-
tailed implementable program explicating the procedures and associated fac-
tual knowledge specified by the model.

o Measures to ensure implementability: Test and modify this program to
specify it at an optimal level of detail, so that all steps in this program are
readily interpretable and reliably executed.

» Controlled experiments: Design and carry out controlled experiments in
which individual persons are induced to act in accordance with the program
elaborating the model. Make detailed observations of their resulting per-
formance. (We shall discuss later the particular experimental methods we
used to induce subjects to perform in specified ways.)

Although prescriptive models of human performance could aiso be tested
by computer simulation, experimental tests with human subjects have the ad-
vantage of providing direct evidence of the validity of such models for their
intended human use. Furthermaore, experiments with human subjects can test
madels in a form directly suitable for the design of human instruction.

Note that the preceding approach for formulating and testing a prescrip-
tive model of effective performance by humans is analogous to that used in
artificial intelligence for models of effective performance by computers.

In the following pages we apply the prescriptive approach to one important
aspect of scientific problem solving, namely the initial redescription of prob-
lems into a form which facilitates their subsequent solution. We first outline
the formulation of a prescriptive model specifying how ta generate useful ini-
tial problem descriptions in a particular scientific domain (exemplified by
mechanics). Then we discuss in greater detail the elaboration of this modei
and of a modified model into testable forms, and the implementation of par-
ticular experimental methods to test these models with human subjects.
Finally, we discuss the results obtained in these experiments and point aut
some of their educational implications.
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PRESCRIPTIVE MODEL OF PROBLEM DESCRIFTION
Specification of Applicability

In our study of scientific problem solving, we focused on praoblems in basic
college-level physics, specifically in the field of mechanics. Problem solving
in this domain is realistically complex, representative of other quantitative
scientific or engineering fields, and often difficult for many students. It is
also of practical importance and a serious chatlenge in physics teaching. On
the other hand, this domain is sufficiently simpie and well-defined to be ame-
nable to an analysis of underlying cognitive processes. Furthermare, such an
analysis can draw upon insights derived from previous observations of ex-
perts and navices in this domain.

We presuppose that the human subjects engaging in such problem solving
have not only typical human limitations {(e.g., limitations of short-term mem-
ory), but also relatively complex human capabilities (e.g., the ability to un-
derstand English, to draw diagrams, to do algebra, and to interpret individ-
ual principles in basic physics). On the other hand, we do not assume that
these subjects have the more sophisticated abilities needed to use physics
principies in the integrated ways needed for solving nontrivial problems. In-
deed, our interest is precisely in formulating prescriptive models specifying
this more saphisticated knowledge.

Formulation of a Model of Effective Problerm Description

Qutline of a Prescriptive Model of Problem Solving

We have presented elsewhere a prescriptive theoretical model of effective
human problem solving in the domain of physics (Reif & Heller, 1982). This
model specifies some general procedures to be used in conjunction with a
knowledge base about a particular scientific domain. The general procedures
subdivide the problem-solving process into three major stages: (1) the genera-
tion of an initial problem description, and qualitative analysis, designed to
facilitate the subsequent construction of a probiem solution; (2) the genera-
tion of the actual solution by methods which facilitate the decision making
required for efficient search; and (3) the assessment and improvement of this
solution. The domain-specific knowledge base is designed to facilitate these
general procedures. It contains declarative knowledge of concepts and prin-
ciples, together with specific procedures facilitating their use, and is organ-
ized hierarchically to provide descriptions at various levels of detail.

In this paper we study in greater detail one component of this prescriptive
madel, namely the process whereby a human subject can generate a useful in-
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itial description (or “representation”) of any problem. Although our study
deals with only one aspect of this model of effective problem solving, this as-
pect is of crucial importance. Indeed, the initial description generated for a
problem often determines how easily this problem can subsequently be
solved or whether it can be solved at all. Yet, novice problem solvers com-
monly fail to describe problems adequately. Furthermore, observations of
experts usually reveal rather little detailed information about their descrip-
tion processes since experts tend to redescribe problems rapidly, and almost
automatically, on the basis of large amounts of tacit knowledge.

According to our prescriptive model, the generation of a useful initial
problem description can conveniently be decomposed into two successive
stages. In the first of these, a person starts from an originally presented prob-
lem and uses general domain-independent knowledge to generate a “basic de-
scription” of this problem. This basic description merely transforms the
problem into a readily interpretable form. It summarizes explicitly the infor-
mation specified and wanted in the problem, identifies relevant time-
dependent processes and decomposes them into distinct subprocesses, intro-
duces vseful symbols, and expresses the relevant information in convenient
symbolic representations (in pictorial as well as verbal forms). The genera-
tion of this basic description (discussed more fully in Reif & Heller, 1982) is
not trivial; novice students commonly make mistakes even in this relatively
simple part of the description process. However, to narrow the scope of the
present paper, we shall restrict our attention to the second, more complex
and interesting, stage of the description process, the generation of a “theoret-
ical description” of a problem.

Mode! of Theoretical Problem Description

The knowledge base for any domain specifies the particular entities of in-
terest in this domain, the special concepts useful for describing these entities,
the special properties of these concepts, and principles and rules expressed in
terms of these special concepts.

A “theoretical description” of a problem is a description deliberately ex-
pressed in terms of the special concepts and properties in the knowledge base.
The generation of a theoretical description of a problem brings it into a form
incarporating much important knowledge needed for its solution and simpli-
fying the application of all relevant principles. The subsequent solution of
the problem is, therefore, greatly facilitated.

The declarative knowledge in the knowledge base specifies implicitly the
ingredients needed for the theoretical description of any problem in this do-
main. However, the actual generation of a theoretical description is greatly
facilitated by the availability of an explicit procedure specifying how to de-
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scribe any problem by the coherent application of domain-specific
knowledge.

Our prescriptive model of problem description specifies, therefore, an ex-
plicit procedure for generating a theoretical description from a basic descrip-
tion of any problem in a specified domain. This procedure, which
accompanies the knowledge base for this domain and exploits its declarative
knowledge, thus specifies the following: (1) How to identify the particular
entities which should be described in any particular problem. (2) How to ap-
ply special concepts to describe these entities. (3) How to exploit particular
properties of these concepts. (4) How to apply particular principles in the
knowledge base ta check that the description is self-consistent and correct.

Theoretical Description in Mechanics

The preceding general remarks can be illustrated and made more specific in
the case of any particular knowledge domain. For example, the knowledge
base for the scientific domain of mechanics provides the following
information:

It specifies that the particular entities of interest in mechanics are particles
(objects sufficiently small or simple to be adequately described like geometric
points) or systems consisting of many such particles (e.g., rigid bodies or
strings).

The knowledge base introduces two kinds of special concepts ta describe
such particles. One kind, used to describe individual particles, includes con-
cepts to describe the intrinsic characteristics of particles (e.g., “mass™) and
other concepts to describe the motion of particles (e.g., “position,” “veloc-
ity,” “acceleration™). The other kind, used to describe the interaction between
particles, includes concepts such as “forces.”

The knowledge base for mechanics also specifies important properties of
these special concepts. For example, various “interaction laws” specify how
concepts describing interaction are related to concepts describing motion
(e.g., how the force exerted on one particle by another is related to the posi-
tions of these particles). Such interaction laws are specified for various kinds
of interactions occurring in nature. Some of these interactions are “short-
range”, that is, they are only appreciable if the interacting particles are so
close as to “touch” each other. By contrast, the other interactions are “long-
range”®, that is, they can be appreciable even if the interacting particles are
separated by some distance. (The most common example is the gravitational
interaction of a particle with the earth.)

Finally, the knowledge base for mechanics includes important “motion
principles” which specify how the motion of particles changes as a result of
interactions between them. (For example, one such principle is Newton’s fa-
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mous “second law” ma = F which relates the acceleration a of a particle to
the force F exerted on it by all other particles.)

According to our prescriptive model, the generation of effective problem
descriptions in mechanics can be ensured if the knowledge base for this do-
main includes an explicit description pracedure. This procedure should spec-
ify how the declarative knowledge in mechanics can be applied coherently to
generate a good theoretical description of any problem in this domain. This
procedure should thus specify the following: (1) How to identify the particu-
lar entities (particles) of interest in any problem. (2) How to describe these
particles by special concepts for describing motion (“position,” “velocity,”
and “acceleration”) and special concepts for describing interaction
(“forces”). (3) How to exploit the special properties specified for these con-
cepts by the various interaction laws. (4) How to check the correctness of the
resulting description by ascertaining its consistency with certain motion
principles.

Qur prescriptive model leads thus to the formulation of the procedure,
summarized in Table 1, for generating a theoretical description of any prob-
lem in mechanics. This procedure is elaborated more fully in later sections of

TABLE 1
Procedure for Generating a Theoretical Problem Description in Mechanics

Relevant times and systems: At each relevant time (previcusly identified in the basic
description of the prablem) identify those systems relevant in the prablem because
information about them is wanted, or because they interact with such systems directly or
indirectly.

Dascription of relevant systems: At each relevant time, describe in the following way each
relevant system (if simple erough to be considered a single particle), introducing convenient
symbols and expressing simply related quantities in terms of the same symbol:

Description of motion: Draw a ““motien diagram® indicating available information
about the position, velacity, and acceleration of the system.

Description af forces: Draw a “force diagram™ indicating available information about
all external forces on the system. Identify these forces as follows:

Short-range forces: [dentify each object which touches the given system and thus
interacts with it by short-range interactian. For each such interaction, indicate on the
diagram the corresponding force and all available information zbout it.

Long-range forces: Identify all abjects interacting with the given system by long-
range interactions. (Ordinarily this is just the earth interacting by gravitational
interaction.) Far each such interaction, indicate on the diagram the corresponding
force and all available information about it.

Checks of description: Check that the descriptions of motion and interaction are
qualitatively consistent with known motion principles (e.g., that the acceleration of each
particle has the same direction as the tatal force on it, as required by Newton's motion
principle ma = F).
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the paper and in Appendix A. Examples of theoretical descriptions generated
by this procedure are shown in our later discussion of experimental results, as
well as in Reif and Heller (1982).

Implications of the Model of Description

important features of the model. Despite its seeming simplicity, the
description procedure proposed by the maodel, as outlined in Table 1, is far
from trivial. Application of the procedure ensures that highly important de-
clarative knowledge in the knowledge base is systematically and correctly in-
corporated in the initial description of any problem. Such an initial descrip-
tion should greatly facilitate the solution of that problem.

The following kinds of declarative knowledge are explicitly incorporated
in the description of any mechanics problem when the prescribed procedure
is applied.

The relation between motion and interaction is central to the science of me-
chanics. Accordingly, the description procedure requires that both the
motion and the interaction of any particle be carefully described. By con-
trast, most physics textbooks (e.g., Resnick & Halliday, 1977) emphasize the
need to describe forces, but not the corresponding need to describe maotion.,

In the science of mechanics, the concept of “force” is introduced to de-
scribe the interaction between objects. Correspondingly, the description pro-
cedure requires that interacting objects should be identified before the speci-
fication of particular forces describing their interaction. Hence the
procedure guards against errors caused by students’ prescientific conceptions
(Clement, 1982; Viennot, 1979) in which forces are viewed as ultimate causal
agents, producing effects independently of the existence of ather objects.

As mentioned previously, the science of mechanics includes the knowledge
that interactions between objects can be classified into two types, short-range
and long-range interactions. The description procedure uses this knowledge
explicitly by enumerating all “touching objects™ in order to identify all short-
range forces. The procedure thus helps to ensure the complete enutneration
of all relevant forces, without inadvertent omissions.

Finally, the science of mechanics includes important motion principles.
The procedure exploits these deliberately to check the correctness of any gen-
erated problem description. (For example, the procedure includes checks of
the consistency between the motion and interaction of any particle, and of
the consistency between the forces acting on mutually interacting particles, as
required by Newton'’s second and third laws.)

Predicted performance resulting from the model. Application of
the description procedure, specified by our theoretical model in Table 1, is
expected to have the following major consequences:
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1. The description procedure should generate an explicit and detailed ini-
tial description of any mechanics problem in terms of the special concepts of
this scientific domain. This description should be appreciably more explicit
than descriptions overtly generated by actual experts or descriptions com-
monly presented in textbooks.

2. Thedescription procedure should help subjects to avoid many of the er-
rors commonly committed by students. For example, the explicitness of the
procedure should help to avoid errors due either to the omission of relevant
forces or to the enumeration of nonexistent forces.

3. The description procedure should sometimes lead to significantly easier
reformulations of certain problems. For example, a question asking “when
does a particular string become slack” would be translated by the procedure
into the question “when does the force exerted by the string become zero.”
Such a reformulated question, involving the properties of familiar forces, is
much more easily interpreted and answered.

4. The explicit problem description generated by the procedure of Table 1
should appreciably facilitate the subsequent solution of a problem. Indeed,
this description incorporates already much of the relevant information
needed for the selection and generation of equations.

Formulation of Alternative Models

The description procedure outlined in Table 1 is based on a prescriptive
model (which we call model M) specifically designed to produce a “good”
thearetical description of any mechanics problem, that is, an explicit
description facilitating substantially the subsequent solution of the problem.
For purposes of comparison, it is useful to formulate at least one modified
model which lacks selected features of the proposed model of good perform-
ance. Experiments with such a modified model can then reveal whether the
particular features omitted from the original model are actually necessary for
good performance.

Accordingly, we also formulated a modified model (which we call model
M¥*) which is appreciably less explicit than model M. This model M* specifies
a description procedure chosen to be similar to the advice which physics text-
books (e.g., Resnick & Halliday, 1977) commonly provide about the descrip-
tion of mechanics problems. This description procedure differs from that
specified by the original model in Table 1 in these major respects: (1) It does
not include an explicit description of the motion of a system. (2) It specifies
that a separate force diagram should be drawn for each system and that this
diagram should indicate aif forces exerted on this system by other systems.
However, it provides no explicit directions about Aow to identify all these
forces or to exploit their known properties. (3) It does not systematically
check the resulting description’s consistency with available physics
principles.
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Like model M, this modified model M* is elaborated more fully in a later
section and is exhibited in detail in Appendix A.

TESTING THE MODEL OF PROBLEM DESCRIPTION

As mentioned in the introduction, our basic paradigm for testing a prescrip-
tive model of human performance is to induce subjects to act in accordance
with the model, and to observe whether their resulting performance is effec-
tive in the predicted ways. The implementation of this paradigm requires spe-
cially controlled conditions to ensure that a human subject acts in a pre-
scribed manner. We now outline our general approach for implementing this
paradigm and then describe the details of our experiment.

Approach Used to Test a Prescriptive Model

Our experimental approach is to create conditions where a human subject is
induced to act in specified ways by being placed under “external control.” To
clarify this approach by an analogy, consider the familiar situation where a
pilot lands his or her plane in bad weather while following directions from an
air-traffic controller on the ground. Under these conditions, a human infor-
mation pracessor (the pilot) makes extensive use of his or her saphisticated
knowledge, but relegates higher level control of this knowledge to external
directions. This situation can be viewed as an experiment with the following
interesting characteristics: (1) It allows a separation of high-level control
knowledge from lower level implementation knowledge. For example, if the
plane were to crash, the information retrievable from the taped conversation
between the pilot and ground-control would allow one to distinguish whether
the crash occurred as a result of appropriate control directions improperly
implemented by the pilot, or whether it occurred as a result of faulty control
directions. By contrast, if a pilot crashed the plane while flying entirely under
his or her own control, one could not distinguish whether the fault was in the
pilot’s higher level control knowledge or in lower level implementation
knowledge. (2) A set of control directions, specifying how to land a plane,
can be viewed as a theory specifying how a human subject, with sophisticated
human capabilities, can land a plane. In other words, such control directions
would constitute a good theory of plane landing if, and only if, the correct ex-
ecution of these directions leads to reliably effective landings. (3) Such a vali-
dated theory could ultimately be used as the basis of a theory of instruction
for landing planes. Such a theory would need to teach human subjects to
internalize, and carry out independently, the control directions which had
previously been external.

Let us now turn from this analogy to external-control experiments de-
signed to test prescriptive models of human performance, specifically, mod-
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els of effective problem description. To carry out such experiments, one
needs first to design a detailed “program,” consisting of step-by-step direc-
tions and associated factual knowledge, whereby a human subject can be
guided to act in accordance with a specified model of performance. For ex-
ample, such a program might guide a human subject explicitly to execute the
description procedure outlined in Table 1. The program should be problem
independent, leading to a good description of any problem in the specified
domain. (This is unlike the analogy of plane landing where ground-control
directions are usually situation specific.) The individual directions must be
appropriately matched to the characteristics and preexisting knowledge of
the intended human subjects, that is, they must be detailed enough to be relia-
bly interpretable and executable, but not so detailed as to be distracting.

In the experimental procedure an individual subject is asked to carry out
specified tasks (here, the description and subsequent solution of various
problems) by executing directions that are successively read to the subject ac-
cording to the program specified by the model. The subject is asked to talk
about his or her thought processes and the session is tape-recorded. Detailed
data can thus be gathered about the subject’s written output and verbalized
thought processes generated while responding to the externmal-control
directions.

Such detailed observations allow one to obtain the following kinds of in-
formation to test the proposed model of performance:

. One can ascertain whether the proposed model of good performance is
sufficient to lead to good performance. This can be done by determining
whether subjects, working under external control in accordance with the
madel, do indeed achieve good performance. (Such experiments do not nec-
essarily imply that the proposed model is unique since other models might
conceivably lead to equally good or better performance.)

2. One can verify that the prerequisite basic knowledge, which the model
presupposes of human subjects, is by itself not sufficient to produce good
performance. This can be done by letting subjects, with such knowledge,
wark without external guidance of the model and observing that their per-
formance is then poor.

3. One can ascertain whether selected features of the proposed model are,
in fact, necessary to achieve good performance. This can be done by compar-
ative experiments where human subjects work under external control of a
modified model which lacks selected features of the praposed model of good
performance. Predictable perfortnance deficiencies should then occur.

4, Finally, one can test whether the praposed model of good performance
leads to specific predicted features in the resulting performance. For exam-
ple, one can ascertain whether, and how, the occurrence of specific errors is
prevented when human subjects act in accordance with the model.
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It should be emphasized that the aim of such external-control experiments
is to ascertain the merits of a proposed model of good performance, but nor
to teach. Subjects may, of course, learn incidentally while working under
conditions of external control. However, such learning need not occur, be-
cause external control directions may not become internalized. For example,
a subject, performing very well while working under external control, might
revert to poor performance if that control were to be removed.

The next three sections discuss the application of the preceding approach
to test the proposed model of problem description. In particular, we first dis-
cuss the elaboration of the proposed model M, and of the modified model
M*, into detailed programs. Then we describe preliminary studies designed
to test and modify these programs to ensure that they are reliably
implementable by human subjects. Finally, we discuss the actual experiment
which compared the problem-solving performance of three different groups
of subjects: a group M guided by external-control directions based on the
proposed model M, a group M* guided by similar directions based on the
modified model M*, and a “comparison” group C working without any ex-
ternal guidance.

Elaboration of the Modeis

The full model M and the modified model M* each specify problem-
description procedures to be used in conjunction with relevant factual knowl-
edge about the problem domain of mechanics. The procedures in each model
were elaborated into detailed external-control directions. The relevant fac-
tual knowledge, which is the same for both models, was summarized in writ-
ten form so that subjects could refer to it during problem-solving sessions.

The external-control directions for generating problem descriptions were
supplemented with some additional directions to guide subjects’ subsequent
solutions of the described problems. These directions provided minimal
guidance for generating and combining equations. They were essentially the
same for both groups M and M*, and will not be discussed further.

The elaboration of a prescriptive model of human performance (such as
the description procedure outlined in Table 1) into implementable control di-
rections requires careful attention to the following important issues:

1. Each direction must be readily interpretable and executable by human
subjects possessing the knowledge and other characteristics presupposed by
the model. (For example, a direction to “draw an interaction diagram” would
only be interpretable if a subject knows what an interaction diagram is; it
would only be executable if the subject has adequate knowledge about the
forces involved in the interaction.) Making directions interpretable involves
refining the wordings of directions for adequate clarity, providing examples
of desired performance (e.g., sample interaction diagrams), and expressing
directions at an appropriate level of detail. The level of detail must be suffi-
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cient to make a direction clearly interpretable, but not so excessive as to be
distracting or disruptive. Ideally, the level of detail should be adjusted to the
knowledge and capabilities of the subject for whom the direction is intended,
that is, a direction should spell out only that knowledge which is not already
reliably available to the subject.

2. Every step must be actually executed and in the proper sequence. There-
fore, the directions must be sufficiently explicit, and provide enough control,
to ensure that all needed activities are performed.

3. Directions must be executed correctly and completely. Hence various
checks need to be included to verify that directions have been implemented
properly.

As discussed and exemplified later, adequate pretesting is crucial for
refining directions until they meet the preceding criteria.

Externai-Controf Directions for the Model M

Table 1 summarizes the procedure specified by our model M for generating
effective descriptions of problems in mechanics. The elaboration of this
model into detailed step-by-step directions is shown in Appendix A. This
elaboration involved translating the procedure of Table 1 into specific direc-
tions that could be easily implemented by human subjects familiar with the
relevant basic concepts of mechanics. The following activities were required
to achieve our specified criteria of implementability.

To achieve interpretability, the steps in the description procedure were first
expressed as easily comprehensible and natural-sounding directions. The
steps in Table 1 thus yielded corresponding directions to construct separate
motion and interaction descriptions for each relevant system (steps 3, 4, 7,
and 11 in Appendix A) and directions to check that these descriptions are
qualitatively consistent with known mechanics principles (steps 17, 18, and
25 in Appendix A). Similarly, comments about symbolism in Table 1 were
translated into specific reminders to choose convenient symbols to represent
the values of quantities in a problem (steps 5 and 8).

Additional steps had to be introduced to ensure that steps would be exe-
cuted in proper sequence. For example, the procedure of Table 1 prescribes
that motion and interaction descriptions be constructed for each system, one
system at a time, before the solution of a problem is attempted. Correspond-
ingly, directions in Appendix A include specific steps to coordinate these ac-
tivities in cycles of choosing a particular system (steps 1 and 2), describing the
motion and interaction of this system, determining whether any other sys-
tems remain to be described (step 19), and branching accordingly (step 20).

Further steps were needed to provide adequate control over subjects’ use of
the declarative knowledge available to them. Pretesting revealed that sub-
jects, even when prompted, would sometimes fail to use factual knowledge
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readily available in the summary provided to them. Accordingly, the direc-
tions included explicit mention of some especially important elements of de-
clarative knowledge, specifically, knowledge about properties of the acceler-
ation of systems (step 6 in the Appendix) and properties of certain forces on
systems (steps 9 and 10). These steps ensure that a general procedure is used
in conjunction with appropriate declarative knowledge, for example, that the
procedure for describing forces is coupled with domain-specific knowledge
about the types of forces exerted by various kinds of systems.

Finally, several additional steps were added as checks to ensure that previ-
ous steps had been performed completely and correctly. Such checks are ne-
cessary since human subjects tend to be fallible and distractable, prone to
forget steps in a procedure or to disregard available information. Accord-
ingly, the elaborated directions in Appendix A contain explicit checks that all
interacting systems have been considered (steps [2to 16), that all available in-
formation in the problem statement has been considered (step 24), and that
symbols have been conveniently chosen (steps 21 to 23). These checks are in
addition to the more general checks mentioned in Table 1 {(corresponding to
steps 17, 18, and 25 in Appendix A).

External-Controf Directions for the Modified Mode! M*

As mentioned previously, the modified model M* was introduced for pur-
poses of comparison with the proposed description model outlined in Table
1. The modified model, designed to simulate somewhat the descriptive advice
commonly found in physics textbooks, is thus considerably less complete and
explicit than the proposed model M. The detailed differences between the
elaborated versions of model M and model M* are exhibited in Appendix A.
The main differences between these versions are the following: (1) The full
model M includes descriptions of both motion and interaction for every sys-
tem, while Model M* includes only a description of interactions. (2) The
model M includes a detailed procedure specifying Aow to enumerate all
forces on a system, while model M* includes only a direction to enumerate all
forces on the system by other objects. (3) The full model M contains some ex-
plicit references to elements in the knowledge base (to some particular prop-
erties of motion and interaction), while such explicit references are omitted in
madel M*. (4) The full model M includes some powerful checks based on
general physics principles, while the modified model M* does not include
such checks.

Summary of Relevant Factual Knowledge

In addition to the external-control directions, we prepared a printed sum-
mary of basic mechanics principles required for the solution of problems
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used in our study. This summary included information about the properties
of relevant motion descriptors (e.g., equations specifying the components of
a particle’s acceleration for circular motion), information about the proper-
ties of various kinds of interactions (e.g., magnitudes and directions of
forces), and information about relevant motion principles (e.g., Newton’s
law of motionma = F). Subjects in all three experimental groups could refer
to this summary at any time.

Measures to Ensure Implementability

Since testing of the prescriptive model depends heavily on the comparison
of performance guided by external-control directions, it is extremely impor-
tant that these directions are implementable by the subjects (i.e., that they are
readily interpretable, actually executed, and implemented correctly). To en-
sure such implementability, the directions were pretested with pilot subjects,
and practice activities were designed to familiarize experimental subjects
with the directions.

Tests and Modification of the Controf Directions

The external-control directions evolved to their final state over a 6-month
period of pilot testing and revision. The aim was to phrase the directions in
such a way that they communicated clearly what a subject was expected to
do. As mentioned before, the directions had to be specific enough to provide
sufficient guidance, but not so detailed that they became more confusing
than helpful. While these considerations are difficult to operationalize, they
made themselves manifestly evident during pretesting. It was quite apparent
when subjects had no idea what they were supposed to do, or grew impatient
or bewildered because directions were too minutely detailed.

In some respects, the process of developing the directions was like writing a
computer program: The desired performance simply would not result until
the sequence of steps was adequate for the task. We began with a set of direc-
tions that represented our best hypatheses about the ways to express the pro-
cedures and facts in the model. These directions were then tried out with pilot
subjects, using problems of a kind similar to those used in the actual experi-
ments. Each such trial revealed unclear directions, missing or redundant
steps, or illogical sequences—and suggested appropriate modifications to
correct such deficiencies. After several trials, we finally arrived at directions
which guided subjects through problem descriptions and solutions without
serious mishaps.

Many of the madifications were required because of subjects’ inability to
understand particular steps in the directions. For example, the check of con-
sistency between motion and interaction (steps 17 and 18 in Appendix A) was
a particularly difficult procedure to express clearly and succinctly. Several
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versions were tried out before the current wording was selected for use. Qur
difficulty in developing these particular directions revealed the amount of
tacit knowledge required for comparing motion and interaction descriptions.
It was not sufficient simply to direct subjects to make sure that motion and
interaction descriptions were consistent with a specified principle. In order
for the direction to be interpretable and executable, it was necessary to indi-
cate how to determine whether they were consistent. Earlier, less specific,
versions of these steps were met with requests for clarification.

The need for other changes was revealed by subjects’ repeated errors when
responding to our directions. Description errors that commonly occurred
during pilot testing included omission of normal or friction forces, incorrect
determination of the direction of normal or friction forces, and incomplete
determination of the acceleration of particles in circular motion. These errors
occurred despite the fact that the relevant information was available to sub-
jects in the summary given to them. Hence it became apparent that control
over the actual use of this information would have to be explicitly assumed by
the external-control directions. The inclusion of directions with appropriate
references to the knowledge base (steps 6, 9, and 10 in Appendix A) ensured
that the relevant information was actually considered, and eliminated the er-
rors previously abserved in the pilot testing.

Familiarizing Subjects with Conirol Directions

Practice directions. To familiarize subjects with the control direc-
tions, we developed M and M* practice directions incorporating selected ex-
cerpts from the full M or M* control directions. Subjects were given pre-
training by following these practice directions to describe a simple problem
situation.

Sample solution. To supplement the external-control directions, each
subject in groups M and M* was provided with 2 printed sample solution of a
simple problem. This sample solution included examples of the motion dia-
grams and force diagrams mentioned in the directions. Some directions could
then refer to this sample solution (e.g., “Draw a motion diagram like the one
in the sample solution...”. The sample solution was described and intro-
duced to the subjects during the initial practice with the directions. Subjects
working under external control could look at this sample solution at any time
during the experimental sessions.

Experimental Method

Praoblem Tasks for Assessing Performance

Three approximately matching pairs of mechanics problems (listed in Ap-
pendix B) were selected from commonly used introductory physics texts
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(French, 1971; Resnick & Halliday, 1977; Symon, 1971} and reworded
slightly for increased clarity.

All of the problems used in the study could be solved by application of one
fundamental motion principle, Newton’s second law (ma = F). Two of the
three pairs of problems (1A, 1B; 3A, 3B) required nontrivial force descrip-
tions because they involved several forces (both long-range and short-range).
These problems were included to allow assessment of procedures for
enumerating forces. The third pair of problems (2A and 2B) required
nontrivial motion descriptions; they involved systems in circular motion, the
analysis of which is frequently performed incorrectly by novices. These prob-
lems were included to allow assessment of procedures for describing motion.

Our main concern was with the theoretical description of problems, rather
than with the prior basic description designed to make a problem readily
comprehensible to a problem solver. Hence we supplemented the verbal
statement of each problem with a basic description {of the form explicitly in-
dicated in the case of problem 1A in Appendix B) consisting of a diagram of
the problem situation, a list of all information specified in the problem, and a
symbolic statement of the problem goal.

The pairs of problems were split into two approximately equivalent sets, A
and B. Half of the subjects in each group received one set as a pretest and the
other set during the experimental treatment sessions; the other half of the
subjects received these sets in the opposite order.

Subjects

The subjects in the experiment were 24 paid volunteers, all undergraduate
students currently enrolled in the second course of an intraductory physics
sequence at the University of California at Berkeley. In the first course of this
sequence the subjects had studied the physics principles of mechanics and
had, in homework assignments and course examinations, solved mechanics
problems of the kinds used in our experiments. Furthermore, the subjects
were randomly selected from those volunteers who had received a grade of
B — or better in their previous physics course. Therefore the subjects used in
our study could be assumed to have acquired recently, and with at least nomi-
nal competence, a basic knowledge of the physics principles relevant to the
problems used in our study.

These subjects were randomly assigned to the three experimental groups,
eight subjects to each group.

Procedtire

General conditions. Problems were individually administered to each
subject in all sessions. All subjects salved one set of problems in a pretest ses-



PRESCRIBING PROBLEM-SOLVING PROCESSES 195

sion while working without external guidance. Before solving the second set
of problems, subjects in groups M and M* were introduced to the experimen-
tal procedure of working under external control. These subjects then solved
the problems under the guidance of directions read to them by the experimen-
ter, while subjects in group C worked without such guidance, Subjects were
asked to talk aloud about what they were thinking while solving the prob-
lems, and their verbalized statements were recorded with their permission.
All subjects, during all sessions, had access to the printed summary of me-
chanics principles and to the sample solution previously given to them.

Because our interest was not in the subjects’ knowledge about algebra or
trigonometry, apparent errors in the application of such knowledge were
pointed out or corrected by the experimenter when they occurred.

introduction to the study. The first session began with a discussion of
the purpose of the research. The subjects were told that we were concerned
about the difficulty students have solving physics problems, and that we
wished to observe them solving such problems. Gur stated aim was to iden-
tify the methods used by students and to understand their difficulties. The
subjects were then told that they would be solving moderately difficult me-
chanics problems, and were given detailed instructions about the experimen-
tal procedures that would be used.

We then provided the subjects with the printed summary of relevant me-
chanics principles, a summary to which they were encouraged to refer at
any time. They were informed that every principle needed for the problems
was in this summary, and were asked to read through the summary for as
much time as they wanted before working on the problems. The subjects were
also told that the only motion principle listed in the summary, and required
for the solution of these problems, was Newton's second law ma = F (i.e.,
that the problems did not require use of the energy or momentum principles,
nor of principles relevant to rotational motion). Qur motivation for provid-
ing this information was to let students concentrate on the problem descrip-
tion processes of interest to us, without their being distracted by demands to
remember various bits of factual information or to decide between various
motion principles.

Pretest. A pretest, consisting of three mechanics problems, was admin-
istered individually to each subject working without external guidance. A
subject ordinarily required between 45 minutes to an hour to solve these three
problems.

Many subjects expressed considerable uncertainty while solving these
problems. They often stated that they had no idea how to begin working, that
they did not know what to do next once they had begun, and that they were
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convinced there was no systematic way to solve these problems. In response
to subjects’ direct questions and requests for help, the experimenter urged the
subjects to proceed as if the problems were part of a regular homework or
test. The subjects were also told that any of their questions would be an-
swered at the end of their final session.

Practice. After completing the pretest problems, the experimental pro-
cedure was explained to the subjects in groups M and M*. The subjects were
told that we had some problem-solving methods we wished to test by observ-
ing what happened when subjects used them. The subjects were then given
practice in following selected steps of the directions (using the practice direc-
tions described previously). The verbal directions read to the subjects were
supplemented by the printed sample solution, already described, to which
subjects could refer at any time during the practice or treatment sessions.
This practice period lasted between 20 and 30 minutes.

Treatment. About 1 week after the pretest (and practice session), each
subject returned for one or two subsequent sessions to solve three more prob-
lems. Subjects in groups M and M* were guided through the solution of these
problems, while those in the comparison group C worked again without ex-
ternal guidance.

Subjects working with external guidance were read the standard directions
from a script, one step at a time. Each direction had to be performed by the
subject before the next one was read. As long as the subject implemented the
direction, the experimenter considered that direction executed, regardless of
whether it had been done correctly. (For example, during construction of a
force diagram, subjects were directed to indicate all forces exerted on a sys-
tem by other objects. If a subject described such a force in the wrong direc-
tion, the step was nevertheless considered executed. As another example,
subjects in group M were asked whether any object, other than those already
named, tauched the system of interest. Even if the subject responded in the
negative when there was another touching object, the step was nevertheless
considered executed.} However, if instead of answering the question or per-
forming the step, the subject prematurely skipped to a later step, he or she
was stopped and the direction was repeated until an appropriate response
was made.

The methodology of external control was initially not always readily ac-
cepted by the subjects. A frequently encountered difficulty was the subjects’
resistance to surrendering control to the experimenter. Many seemed deter-
mined to solve the problems in their own way, rather than to follow the direc-
tions given to them. They were then reminded that their solutions during the
first session had already provided us with information about their own meth-
ods, and that we now needed their help to assess our methods. For the most
part, this reminder was sufficient to enlist the subjects’ cooperation.
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Once their initial resistance had been overcome, many subjects became
overtly positive in their response to the directions. Several remarked, with
notable surprise, that these steps “really work™ and that the problems seemed
suddenly “easy” to solve.

Furthermore, the directions were very easily implemented by the subjects.
Indeed, after working through the first problem, several subjects afterwards
took aver control at times, guiding themselves through the solutions accord-
ing to our procedure without waiting for the experimenter’s directions. For
example, they would say, “Okay, now the interaction diagram. Block A tou-
ches, and it exerts normal and friction forces...and long-range is the earth,
gravity.” At these times the experimenter would let the subjects both state the
next step and do it, and would intervene only when a step was missed. (The
ease with which subjects did internalize some of the steps is an encouraging
indication of the learnability of the procedures, although this experiment was
not designed to teach.)

Data Analysis

In order to assess the quality of subjects’ problem-solving behavior, it was
necessary to identify and define performance measures. Table 2 summarizes
the criteria used as measures of good performance and the major classes of
errors used to assess deficiencies in performance.

TABLE 2
Performance Measures and Error Types

Performance Measure Majar Error Types

Adequacy of motion information: Wrong direction of acceleration.
Was information about the magni-

tude and direction of each Wrong magnitude of acceleration.
system's acceleration correctly

included in the equations?

Adeqguacy of interaction Missing force.

information: Were all required

forces included in the equations? Wrong direction of a force.
Were directions and magnitudes of

those forces correctly indicated? Wrong magnitude of a force.
Adeguacy of equations: Missing required equation.
Were the number and kinds of

equations generated sufficient to [ncorrect information contained
determine a solution? Were all in equation.

equations correctly

instantiated? Meaningless equation (e.g.,

inconsistent choices of systems).

Correctness af final answer: Incarrect {or no) final answer.
Was correct answer obtained?
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The first two measures in Table 2 refer to the adequacy of motion and in-
teraction information used in the solution of a problem. This adequacy was
assessed by examining the equations generated by the subjects and ascer-
taining whether correct information abont acceleration and forces was in-
cluded in these equations. Thus this assessment considered only implicit de-
scriptions (reflected in the equations), whether or not explicit descriptions
were presented in diagrams. In this way we avoided giving unfair advantage
to subjects, in groups M and M*, who were directed to draw diagrams.

The third measure in Table 2, the adequacy of equations, was assessed by
determining both whether the solution contained a sufficient number of
equations, and whether all of the individual equations were correct. Solu-
tions were not penalized if unneeded equations were generated by the
subjects.

Finally, solutions were assessed with respect to the correctness of the final
ATsSWEr.

All assessments of solutions were made by inspection of the subjects’ writ-
ten work, with reference to their verbal protocols as needed. In general, the
adequacy of equations and correctness of the final answer could be judged
easily from the subjects’ written work, However, consideration of verbal pro-
tocol data was sometimes required to assess the extent to which equations re-
flected adequate descriptions of motion or interaction. For example, if a sub-
ject wrote an equation containing only symbols for forces, but no term
involving the acceleration, the subject’s verbal statement could help establish
whether the subject deliberately determined the acceleration to be equal to
zero, or whether the subject simply ignored the motion and biithely assumed
that “forces balance.” The subjects' recorded comments, while solving the
problems, usually cleared up any such questions of interpretation. If a clear
judgment could not be made, even with the aid of the protocol data, the sub-
ject was given the benefit of the doubt and the information was considered
COrrect.

Results

The adequacy of every solution was assessed with respect to the perform-
ance measures listed in Table 2. The data summarized in Table 3 and Figure 1
show the mean number of each student’s solutions (on the three problems
solved during pretest or treatment sessions) that were correct on each of these
measures. The data are summarized for students in each of the three treat-
ment groups, M, M*, and C. The right-most columns in Table 3 indicate
which of the differences between these groups are statistically significant. Ta-
ble 3 and Figure 1 also summarize the performance of all 24 students on the
pretest. There were no significant differences between the various groups on



TABLE 3
Mean Number of Sclutions with Correct Performance on Specified Measures

Statistical
Treatmentb Differencese
Performance
Measures Pretest? M M* C M>M* M* =C M>C
Carrect mation 1.83 3.00 163 1.63 *
information
Correct force 1.33 1.00 2.00 1.38 b »
informatian
Sufficient and 0.43 2.88 1.63 0.75 e A
carrect equations
Correct final 0.79 2.75 1.38 .63 * *
answer
Note: Maximum score = 3.00.
in = M4,
bn = 8 per group.
“Kruskal-Wallis Test results: *p<0.01; **p<0.005.
M : quided by model
ME AN N )
NUMBER M :guided by madified model
CORRECT| C :comparison {no guidance)
3 100%
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Figure 1. Graphs of the mean number of solutians (out of three) with correct perform-
arice on specified measures.
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this pretest, nor between these pretest results and the performance of the
comparison group C in the treatment.

Sufficiency of the Model

The purpose of this research was to evaluate selected aspects of the pro-
posed model of good prablem-solving performance in mechanics. The major
question of interest is whether the kinds of procedures proposed by the model
are sufficient for producing successful solutions, If the kinds of knowledge
included in the model are sufficient, students working in accordance with the
model would be expected to perform well.

The performance of subjects in group M, working under external control,
indicates that the proposed procedures did indeed lead to very good perform-
ance. As is apparent from Table 3 and Figure 1, these students performed
nearly perfectly: All of their solutions contained every required equation,
and all of their equations contained correct and complete information about
motion and interaction. (The slightly lower incidence of correct final answers
resulted from incorrect combination of equations in problem 2B. Instead of
performing a required vector addition, some students treated vectors like
numbers.)

inadequacy of Performance Unguided by the Model

As indicated in Table 3 and Figure 1, the subjects’ performance on the pre-
test, and the performance of the comparison group C, indicate that the sub-
jects’ prior knowledge was definitely not sufficient to solve these kinds of
problems adequately. On the average, the subjects solved correctly less than
one third of the pretest problems. Furthermore, less than one third of their
solutions contained enough equations to achieve a solution, and less than one
half of these solutions incorporated correct information about both the
motion and interaction of the relevant systems.

These results indicate that the kind of knowledge acquired by students as a
result of ordinary instruction in an introductory mechanics course is not suf-
ficient to endow them with the ability to solve fairly standard mechanics
problems at the level of this course. Although the subjects did have enough
basic knowledge of physics concepts and principles to interpret and imple-
ment the external-control directions used in our experiments, the additional
procedural and factual knowledge provided by these directions was necessary
to help the subjects achieve good prablem-solving performance.

Necessity of Compaonents of the Model

The results already discussed show that subjects, working in accordance
with the proposed model, perform very well on problem-solving tasks. How-
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ever, one may ask whether all components of this model are actually
necessary.

This question can be partially answered by comparing the performance of
group M, which worked in accordance with the proposed model, with the
performance of group M*. As mentioned previously, if the knowledge com-
ponents omitted from M* were in fact necessary for good performance, the
observed performance of group M* should be less adequate than that of
group M. In particular, since the differences between the models lay in the
completeness and explicitness of procedures for constructing initial problem
descriptions, the descriptions of motion and interaction by group M* would
be expected to be inferior to those by group M. Correspondingly, the subse-
quent equations generated by subjects in group M*, and hence also the final
problem answers obtained by them, should be less often correct than those
generated by subjects in group M.

The data in Table 3 and Figure 1 reveal essentially this pattern of results,
All results are statistically significant, except in the case of motion descrip-
tion, where the performance of group M* was not significantly poorer than
the perfect performance of group M. It thus appears that at least some of the
components, deleted from model M to create the modified model M*, are in-
deed necessary for achieving good problem solutions.

Detailed Analysis of Subjects’ Performance

A closer examination of the subjects’ performance pravides insights into the
way in which the proposed model facilitates goad performance. In particu-
lar, the following paragraphs discuss the effects of particular compaonents of
the model and how they prevent the occurrence of errors commonly
committed by students working without guidance by the model.

Procedure for Enumerating Forces

One of the most common errors committed by subjects working without
external control was the omission of one or more relevant forces acting on a
system. About 75% of the subjects omitted some relevant forces in at least
one of their pretest problem solutions.

These difficulties in problem description may be illustrated by problem 3B.
This problem (illustrated in Fig. 2 and described more fully in Appendix B)
deals with two blocks, A and B, connected by a string passing over a fixed
pulley. The block B is free to slide, with friction, relative to the horizontal
floor beneath it and relative to the block A on top of it. The goal of the prob-
lem is to find magnitude of the force Fq needed to pull the block B to the left
with constant velocity.
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PROBLEM SITUATION

MOTION OF B FORCES ON B
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Figure 2. Problem 3B involving two blocks connected by a string, with motion and
farce descriptions of block B. (Forces frequently omitted by subjects are indicated by
dashed arrows.)
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When the description procedure of the maodel is applied to block B, it first
generates a motion diagram which describes the velocity v and acceleration a
of block B, as shown in Figure 2. Then the procedure generates an interaction
diagram indicating all forces on block B. To do this, the procedure first
identifies all objects which touch block B and all of the corresponding short-
range forces exerted on B by these objects. As indicated in Figure 2, these
forces are the applied force Fq exerted by the system pulling the block B, the
tension force T exerted by the string, the normal and friction forces N and f
exerted by the floor, and the normal and friction forces N* and f exerted by
block A. Then the procedure identifies the long-range gravitational force F,
exerted on block B by the earth.

Identification of all these forces presented particular difficulties for the
subjects unguided by the model. For example, the friction force f on B by
block A was omitted in half of the pretest solutions of this problem. The nor-
mal force N’ on B by block A, and the tension force T on B by the string, were
omitted in 25% of the pretest solutions.

By contrast, none of the subjects in group M omitted any forces in any of
their solutions. One reason for this result is that the model’s procedure for
enumerating forces relies on the identification of all objects which touch the
system of interest —and the identification of objects touching a given system
is trivial for human subjects. Furthermaore, the procedure includes an explicit
reminder of factual knowledge in the knowledge base, that is, that the force
exerted by a surface consists ordinarily of two compaonent forces (the normal
and friction forces) perpendicular and parallel to the surface. Hence the ex-
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plicit description procedure eliminates the common error of omitting some
short-range forces acting on a system.

In general, the subjects implemented this systematic procedure fairly easily
once they became familiar with it. However, their comments did reflect the
fact that they were quite unused to thinking of forces as being exerted on a
particular system by other identifiable interacting systems. As one subject re-
marked, “I always get these As on Cs and Cs on As mixed up!” Further-
more, every subject in group M responded to the request for the name of a
system by giving instead the name of a force. For example, a subject would
say “gravity” instead of “the earth,” or “tension” instead of “the string.”
Hence the direction to name a system had to be repeated frequently to ensure
that it was indeed performed.

In this particular problem, subjects guided by the modified model M* also
did not omit any forces on block B. (Apparently, the mere direction to indi-
cate afl forces exerted on block B by all the other systerns, and later to check
that there were no other forces on B by anything else, was in this case suffi-
cient to lead to better performance than that exhibited by subjects working
without any external guidance.) However, the subjects guided by the
modified model M* did omit relevant forces in their solutions of all the other
problems (as indicated in Table 3 and Fig. 1). By contrast, subjects guided by
the full model M never omitted any relevant forces in any of the problems.
Thus the detailed description procedure, specified by the full model, is signif-
icantly more reliable than the less explicit procedure specified by the
madified model M*,

Special References to the Knowledge Base

A second very common error, exhibited on the pretest, was that of
ascribing the wrong direction to a force. Half of the subjects made this error
in at least one pretest solution. An example of this difficulty occurs in prob-
lem 1A (illustrated in Fig. 3 and described more fully in Appendix B). In this
prablem blocks A and B are connected by a thin light string which passes over
a fixed pulley. It is specified that the block C, which lies on top of block A, re-
mains at rest relative to A without sliding off.

To solve this problem, all the forces on block C must be correctly identified
and described. However, in 83% of the pretest solutions of this problem,
subjects asserted that the friction force on C by A was directed to the left, al-
though it is actually directed to the right. (Indeed, if the friction force were di-
rected to the left, block C would certainly slide off block A. It is only the fric-
tion force, exerted on C by A, which moves C to the right along with A.)

Verbal protocol data reveal that such errors, describing friction forces, re-
sult from subjects’ use of an incomplete rule. In all the solutions, all but 2 of
the 24 subjects in this study (i.e., 92% of them) made statements like “friction
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PROBLEM SITUATION

MOTION OF C FORCES ON C Figure 3. Prablem LA in-
volving three blocks, with mation
and faree descriptions of block C.
(The friction foree f, indicated by a
dashed arrow, is frequently as-
cribed the wrong direction, i.e., to
the left.)

tends to oppose the direction of motion®” or “C is moving to the right, so fric-
tion would be to the left.” These statements contain no explicit consideration
of the reference frame relative to which motion is being described. Implicitly
they seem to assume that only motion relative to the earth is relevant. Corre-
spondingly, they also claim that the direction of a friction force is always op-
posite to the direction of motion relative to the earth.

This assumed characterization of the subjects’ reasoning about friction
forces seems to account quite well for their errors. Since the motion of block
C in Figure 4 is to the right (relative to the earth), the subjects conclude that
the friction force f on C is oppositely directed and thus is exerted to the left.
Subjects in groups M* and C made this error as frequently as all subjects on
the pretest problems.

The subjects’ lack of attention to reference frames leads them to a deficient
rule characterizing the properties of the friction force, a rule valid only in spe-
cial circumstances. The correct rule, explicitly available to all subjects in the
summary of factual knowledge given to them, states that the friction force
has a direction opposing the relative mation of the interacting objects. In
model M, the control directions explicitly refer to this information in the
knowledge base (i.e., they ensure that subjects actually use the knowledge
available to them). As a result, a// subjects guided by the model M carrectly
identified the directions of friction forces. In particular, in the problem illu-
strated in Figure 3, the correct rule implies that the friction force on C by A
has a direction opposing the motion of C relative to A. If there were no fric-
tion force on C in Figure 3, C would simply remain at rest relative to the earth
while A moves to the right relative to the earth. Thus C would move to the left
relative to A. To oppose this motion, the friction force on C must, therefore,
be directed to the right.



PRESCRIBING PROBLEM-SOLVING PROCESSES 2056

Check for Consistency Between Motion and
interaction

The model not only provides explicit rules for correctly describing forces,
but also includes checks to ensure that forces have been described properly.
One such check requires that the deseriptions of the motion and interaction
of each system be qualitatively consistent with the fundamental motion prin-
ciple ma = F, that is, that the acceleration of a particle have the same diree-
tion as the total force on it. In order to perform this check, both the motion
and interaction of each system must have been described explicitly, as re-
quired by the model. Some examples of such descriptions are illustrated in
Figures 2 and 3.

The power of this checking procedure can be illustrated in the case of the
problem in Figure 3. It is quite easy for subjects to determine that the acceler-
ation of block Cis directed to the right, If such a subject then claims that the
friction force on this block is directed to the left, the checking procedure
would immediately reveal that the direction of this force is inconsistent with
that of the acceleration and must therefore be incorrect. Thus this check pro-
vides a reliable method for detecting and correcting the common error of in-
correctly ascribing the wrong direction to the friction force in this problem.

The explicit qualitative comparison of motion and force diagrams also
seemed to provide subjects with a powerful graphic demonstration of the
meaning of Newton’s motion principle ma = F. Several subjects in group M
spontaneously reacted to this comparison with comments like “Oh! I never
thought about it that way before!” This kind of qualitative comparison pro-
cedure may have a substantial potential for enhancing students®' understand-
ing of physics principles, a potential which may be worthy of further
investigation.

Check for Consistency Between Mutual Forces

Another check on the initial theoretical description of a problem involves
determining whether mutual forces between interacting particles have been
correctly described as equal in magnitude and opposite in direction, in ac-
cordance with Newton’s third law. The problem illustrated in Figure 3 is
again useful for demonstrating the utility of this check. In this problem situa-
tion, blocks A and C interact with one another, each exerting both normal
and friction forces on the other. Thus, the friction farce on A by C should be
equal in magnitude, but opposite in direction, to the friction force on Cby A.

As discussed previously, many subjects erroneously described the direc-
tion of the friction force on C by A as directed toward the left. By the same
deficient reasoning (as well as by application of the correct rule}, the friction
force on A by C was properly described as directed to the left. These two con-
clusions are incompatible because the two friction forces must be oppositely



206 HELLER AND REIF

directed. The check of mutual forces would thus reveal that an error has been
made and that more careful analysis of the situation is called for.

This check would reveal an error whenever two mutual forces are not op-
positely directed (indicating that the direction of at least one force has been
described incorrectly), or when one of a pair of mutual forces has been
omitted. In fact, such situations occurred very frequently in the observed so-
lutions. For example, six of the eight subjects in group M initially described
incorrectly forces whose mutual forces were described correctly, and discov-
ered those errors during the later check of mutual forces. Similarly, six of the
eight subjects in group M* omitted, or incorrectly described, forces whose
mutual forces were correctly described. However, since these subjects were
not directed to check the description of mutual forces, they did not discover
or eliminate these errors.

DISCUSSION AND IMPLICATIONS

The work discussed in this paper has aimed to formulate and validate a pre-
scriptive theoretical model specifying some of the knowledge and procedures
leading to good human problem solving in a quantitative science such as
physics. We have focused particular attention on the generation of effective
initial problem descriptions which facilitate the subsequent solutions of such
problems. We sought to specify explicit procedures for generating a theoreti-
cal problem description which deliberately redescribes any situation in terms
of the special concepts specified by the knowledge base for the relevant scien-
tific domain. In the science of mechanics these procedures specify explicitly
how to describe the motion of any system in terms of concepts such as veloc-
ity and acceleration, how to describe the interaction of any such system in
terms of specified kinds of forces, how to exploit special knowledge about
the properties of such forces, and how to check the resulting description by
its consistency with known physics principles.

Our resulis show that human subjects, induced to follow such description
procedures under carefully controlled conditions, do indeed reliably generate
explicit and correct descriptions of the motion and interaction of systems in
mechanics problems. Furthermore, these descriptions markedly facilitate the
subsequent construction of correct problem solutions.

The generation of effective initial problem descriptions is far from trivial.
Indeed, our experiments show that many students, after receiving good
grades in a recent course where they received formal instruction in mechan-
ics, nevertheless generate incomplete and/or incorrect descriptions of fairly
routine problems—and thus fail to solve them properly.

As we have pointed out, these problem-solving deficiencies exist even if
students understand basic physics concepts and principles. They still lack the
more strategic kinds of knowledge specified in our prescriptive model, that
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is, the meta-knowledge that it is important to describe a problem with care
before attempting to search for its solution, explicit knowledge about what
types of information should be included in an effective description, and ex-
plicit systematic procedures specifying how to generate such a description.
These kinds of knowledge are usually possessed by experts, although pre-
dominantly in tacit form, and are rarely taught explicitly in physics courses.
The work discussed here shows that such knowledge can be made more ex-
plicit and that, if used by students, it can strikingly improve their problem-
solving performance,

Our theoretical ideas about the generation of effective initial problem de-
scriptions have been illustrated in the particular scientific domain of mechan-
ics. However, they can readily be extended to other scientific domains (e.g.,
to electric circuits, or thermodynamics, or even to domains outside of phys-
ics}, provided that they are used in conjunction with the particular knowledge
base of the relevant scientific domain.

The generation of effective initial problem descriptions is very important
to achieve effective problem solving, but is not sufficient. A complete pre-
scriptive theoretical model of effective problem solving must also deal with
other central issues, for example, with decision processes facilitating the effi-
cient search for a solution, with useful forms of organization of the knowl-
edge base, and so forth. We have outlined such a more encompassing
problem-solving model elsewhere (Reif & Heller, 1982) and hope to validate
other aspects of this model by experimental methods similar to those used in
our study of problem description.

Qur experimental metheds have involved the detailed observation of hu-
man subjects working under external control in accordance with prescriptive
models of performance {either a proposed model of effective performance or
an alternative model). This method permits one to explore in detail the effi-
cacy of any proposed model of human task performance and to manipulate
experimentally various parameters of such a model. Accordingly, this
methed may be broadly useful to study theoretical models specifying cogni-
tive processes and knowledge structures for achieving intellectual perform-
ance in a wide variety of domains.

The work discussed in this paper is highly relevant to the design of instruc-
tion for teaching students improved scientific problem-solving skills. Such
instruction requires a well-validated prescriptive maodel specifying how good
problem selving is to be achieved by students as a result of instruction. {As
pointed out in the introductory paragraphs, such a model must do more than
merely simulate the problem-solving behavior of actual experts.) Our model
for generating effective problem descriptions, together with the experiments
verifying its efficacy, is thus an essential prerequisite for teaching students
important problem-description skills needed for good problem solving.

Such teaching efforts would require students te internalize, and learn to
use habitually, control knowledge which was explicitly externalized in our ex-
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periments. In other words, instructional design must use insights about good
performance and then deal explicitly with the processes whereby such per-
formance can be learned. Qur model of problem description has already been
quite useful in some of our practical efforts to teach problem-solving skills to
students in physics courses. We hope to go beyond such informal efforts to
develop more explicit and systematic instructional methods based on our
analysis of relevant cognitive processes.
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APPENDIX A

EXTERNAL-CONTROL DIRECTIONS FOR PROBLEM
DESCRIPTION

The following are the detailed external-control directions used in our experi-
ment to elaborate the proposed description model M and modified model
M*, Alternative directions used for model M or M* are marked by the letters
M or M*, respectively. Directions marked “M only” occur only for model M,
but are omitted in model M*. Directions not specifically marked are common
to both models. The letters E and 5 refer to actions by the experimenter or
subject, respectively, with statements made by either put between quotes.

Theoretical Description af Systems
M [ E: “‘Let's now draw diagrams describing each system of
interest.’

M* [ E: “Let's now draw diagrams describing the forces on
each system of interest.”’
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Choice of Particular System
E: ““Which system . . .do you wish to consider
{first)/(next)?*’

8: Names a system ‘X°,

If X is a string or is not affected by interactions
with other systems:

E: “There is no need to describe X.”’
Return to step 1.

Else continue:

M [ Motion Description

only

E: ‘“First draw a mation diagram of X, including any
available information about its position, velocity,
and acceleration relative to a convenient reference
frame. If the velocity or acceleration is zero,
indicate that on your diagram.’’

S: Draws motion diagram of X.

‘It is also useful to include on this diagram any
known properties of the system, such as mass.”

If previous systems have been described:

them to those you’ve used previously.”’
If X has circular motion:

E: ‘‘Remember, the acceleration of a system in
circular motion ordinarily, although not

the other toward the center of the circle.
Check to be sure whether both components
exist in this case.”’

Interaction Description
E: “Now let's draw an interaction diagram for X,
using the method I've suggested.”’

-

Short-Range Forces
M E: ‘‘First name each system that touches X,
including those that exert applied forces.

E: “‘Be sure to use convenient symbols and to relate

always, has two components, one tangential and

(1

)

@)

@

()

6

)
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As you identify each system, indicate all
external contact forces exerted on X by
that system.”

M* [ E: “‘Draw a force diagram indicating the forces
exerted on X by all other systems.”’

If previous systems have been described:

E: ‘‘Besure to use convenient symbols
and to relate them to those you’ve
used previously.”’

8: Names interacting systems (‘¥’) and/or
indicates forces.

M [ If interaction with surface:

only

E: ‘““Remember, the force exerted by a
surface ordinarily, although not always,
has two components, the normal force
and friction force. Check to be sure
whether both components exist in this
case.

The normal force is perpendicular to
the surface and directed away from it.
The friction force opposes the relative
motion of the contact points—here it
opposes the motion of X relative to
Y.!}

Long-Range Forces
E: “Name all external systems that directly
interact with X without touching it or
through any other physical contact. Then
indicate the long-range forces exerted on
X by each such system.”

5: Names system and/or indicates force.

Check: Missing or Extraneous Forces
M [ E: *‘Arethere any other systems touching X?”’

M* [ E: ““‘Arethere any other forces on X by
anything else?

S: ““Yes” or “‘no’'.

211

)

@)

©

(10)

11)

(12)
(127)
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If yes:
M [ E: ‘‘Draw the forces exerted by that {those)
L system(s).”’
M* [ E: “Draw the forces.”
2 Return to step 12.
M T Else continue;
only
E: ‘‘Arethere any other systems directly interacting
with X by long-range forces?”
8: “Yes” or “‘no™.
If yes:

| S:

E: ““Draw the force exerted by that system."’
Return to step 14.

Else continue:

E: “If not, you are finished describing all
forces on X. Do not add any others.

Check: Consistency Between Motion and Interaction
E:

“‘The motion and interaction of the system must be
consistent. In your diagrams, are the forces on X
such that, with proper magnitudes, their vector sum
can have the same direction as X’s acceleration?
Show me how you determine this. (You might want
to check whether this is true by comparing
components along convenient directions.)”’

Checks consistency; responds “‘yes’’ or ‘‘no’’ with
explanation. Modifies description(s) if necessaty.

“What would have to be true about the relative
magnitudes of the farces on X for the acceleration
and resultant force to have the same direction?’’

Describes required relative magnitudes of forces.

Repetition af Description for Each System
E: “‘Have all systems of interest been described yet?™

S. “Yes” Or i‘no‘!’

If no:

(13)

(137)

(14

(15)

(16}

{17

(18)

(19)
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Repeat theoretical description procedure, beginning {20)
at step 1.

Else continue:

Check of Entire Description

E: ‘‘After describing all systems, it's useful to double-check
your work. Let's run through a checklist to make sure
you haven’t missed anything.”

Check: Choice of Useful Symbols

E:
S:
E:

S:

““All arrows should be labeled.”” 21)
Checks arrows.

‘“‘Except for the gravitational force (which may (22)
be expressed as ““mg’’), or any magnitudes actually
given in the problem statement, the values of

quantities should not be evaluated at this time.

Symbols like “‘F,”” “T,”” and “*N,’* with subscripts,
should be used instead.”

Checks symbols.

“Look at the symbols in all of your diagrams. (23)
Wherever different symbols have been used, the

values of these quantities should actualiy be

unrelated. If values are the same or simple

multiples, use the same symbol. If values are

unrelated, different symbols should be used.*’

Checks symbols.

Check: Use af all Information in Problem

E:

“All information specified in the problem should (24)
be incorporated in your analysis. Please reread

the problem carefully to make sure you have

considered all the given information. In particular,

make sure you've obtained from the problem all
available information about the magnitude and

direction of the velocity and acceleration of

each system."'

Rereads problem statement. Modifies descriptions
if needed.
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Check: Exploitation of Constraints (Mutual Forces)
M T E: ““Check to make sure that all action-reaction (2%)
only pairs of forces are described as equal in magnitude
and oppaosite in direction. For example, if systems
A and B interact, the force of A on B in your
diagram of B should be opposite in direction but
should have the same magnitude as the force of B
on A in your diagram of A, Look for forces
between each pair of systems and check that they
are described right.”’

L S:  Checks forces.

APPENDIX B

PROBLEMS USED IN THE EXPERIMENT

Each of the problems included a basic description summary, shown here
only in the case of problem 1A.

Problem 1A

Figure 4 shows a cart A (of mass 2m) free to move without friction along a
horizontal table. This cart is attached by a light string, which passes over a
pulley of negligible mass and negligible friction, to a block B (of mass my)
suspended from the other end of the string. A block C (of mass m) lies on top
of cart A. The coefficient of static friction between A and C is . What is the
maximum value of m, for which block C will remain on the cart without
sliding?
Basic description summary {accompanying Fig. 4)
¢ Specified information:
cart A:  mass 2m;
coefficient of static friction between A and C = p.
block B: mass m,.
block C: mass m;
does not slide off A;
coefficient of static friction between A and C = 4.
string: massless.
pulley: massless; frictionless.
table: horizontal, frictionless.
* Goal:
maximum m, = ?
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Figure 4. Diagram for problem
1A,

Problem 1B

Figure 5 shows a cart A, of mass m,, which moves with negligible friction
along a horizontal floor when it is pushed to the right by an applied force of
magnitude Fs. A small block B, of mass m,, is in contact with the right verti-
cal side of the cart. The coefficient of static friction between the block and
the side of the cart has a value x. How large must be the magnitude Fq of the
applied force so that the block remains at rest relative to the cart, without
slipping down?

F
—_— A
Figure 5. Diagram for problem
1B.
Problem 2A

A pendulum bob, of mass m, swings in a vertical plane at the end of a string
of negligible mass fastened to the ceiling. At the highest point of its swing, the
pendulum is in the position shown in Figure 6, with the string at an angle #
from the vertical. What is the magnitude of the tension force exerted on the
bob by the string at this instant?

Figure 6. Diagram for problem
2A.

Problem 2B

An object, of mass m, slides along a circular track with negligible friction.
When the object passes the point P in Figure 7, the magnitude of the force ex-
erted on the object by the track is 3mg/+/2. What is the magnitude of the ob-
ject’s acceleration at that instant? (Use the values: sin 45° = cos

45° = 1/J2.)
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Figure 7. Diagram for problem
28.

Probiem 3A

A man, of mass m, stands on a board, of mass M, which he previously
placed on a mud-covered hilly surface making an angle & with the horizontal.
The man holds on to a rope (of negligible mass and parallel to the surface of
the hill) whose other end is fastened to a wall at the top of the hill. (See Fig. 8.)
The man finds, to his dismay, that the board beneath him starts sliding down
the hill. The coefficient of sliding friction between the man’s shoes and the
board is ., and the coefficient of sliding friction between the board and the
surface of the hill is p,. What is the magnitude of the acceleration a, with
which the board beneath the man slides down the hill while the man, holding
on to the rape, remains at rest relative to the ground?

Figure 8. Diagram for problem
A,

Problem 38

Twa blocks A and B are connected by a light flexible string passing around a
frictionless pulley of negligible mass. (See Fig. 9.) Block A has a mass m, and
block B has a mass m,. The coefficient of sliding friction between the two
blocks, and also between block B and the horizontal floor below it, has a
value p. What is the magnitude F, of the force necessary to pull block Bto the
left at constant speed?

Figure 9. Diagram for problem
aB.
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